	What is a sequence?
	


	 


	If you are given the numbers
2, 4, 6, 8, 10,….
can you predict what the next number may be?

You can probably see that the numbers in the above list are all even numbers. So a sensible prediction for the next number in the list is 12.
The above set of numbers (2, 4, 6, 8, 10,…) is an example of a sequence of numbers.

Definition
A sequence of numbers is a set of numbers arranged in a particular order. 

Note
The three dots at the end of a list, ie '…' indicate that this list of numbers goes on for ever (ie infinitely).

The fact that the numbers are in a particular order is very important. If the numbers can be written in any order, we do not have a sequence. For example, if it does not matter whether we write the list of numbers
2, 4, 6, 8 as 
6, 8, 4, 2 or 
8, 2, 6, 4 etc. 
then this set of numbers is not a sequence.

Activity 1
Decide which of the following sets of numbers are sequences:

(a) The set of numbers: 1, 2, 3, 4, 5 which can also be written as the set 
5, 3, 2, 1, 4 or as the set 1, 3, 2, 4, 5, and in several other ways?

(b) The set of numbers: 3, 1, 2, 5, 4 given in that order? 



	

	


	
	Terms of a sequence
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	What is a term?
We call each number in a sequence a term of the sequence. 
For example, 16 is the fourth term in the sequence, 2, 4, 8, 16, 32,…
-1 is the first term in the sequence, -1, -5, -9, -13, -17…
Activity 1
Here is another sequence.
1, 4, 9, 16, 25 ….
What is its third term? 

We denote the terms of a sequence in a special way. We call the first term, U1, the second term, U2, and so on. Most importantly, we refer to the general term as Un.
If we want to refer to a general term in the sequence, we call this the nth term of the sequence.

Activity 1
Here is another example of a sequence.
6, 10, 14, 18, 22,
Fill in the answers:
[image: image2.wmf]
Note
A sequence may have infinitely many terms (we call this an infinite sequence) or it may have a finite number of terms (we call this a finite sequence).
In a sequence with infinitely many terms, the subscript n can take the value of any positive integer, ie n = 1, 2, 3, 4, …



	

	


	Generating the terms of a sequence
	[image: image3.png]





	
	  


	A very useful and common way of defining a sequence is to describe the sequence by a formula for its nth term, Un. From the formula for the nth term, we can find any other term by substituting an appropriate value for n in the formula. 

For example, the nth term of a sequence is given by the formula, Un = 3n+1. We can use this formula to find any term in the sequence. Let us find, say, the first term, the fifth term and the twentieth term.
The first term, U1 = 3(1) +1 = 4 (ie substitute n = 1 in the formula for Un)
The fifth term, U5 = 3(5) +1 = 16 (ie substitute n = 5 in the formula for Un)
The twentieth term, U20 = 3(20) + 1= 61 (ie substitute n = 20 in the formula for Un)

	  


	

	

	


Generating a sequence from the nth term
For the sequence, Un = [image: image4.png]2n



, find the first four terms of the sequence. 

Worked solution 1
[image: image5.png]First term, u;

Second term, =
Third term, u= 22 = 8

Fourth term, ug= 24 = 16

(ie substitute n = 1 in the formula for uy)
(ie substitute n =2 in the formula for up)
(ie substitute n =3 in the formula for uy)

(ie substitute n = 4 in the formula for u,)




Generating a sequence from the nth term
The nth term of a sequence is given by the formula, Un = 2n - 5. Use this to find U1, U32, and U100.

Worked solution 2
[image: image6.png](ie substitute n =1 in the formula for ua)

Un=2(2)-5= 59 (ie substitute n = 32 in the formula for uy)

Uggp= 2(100) —

=195 (e substitute n =100 in the formula for un)




Generating a sequence when a relationship between successive terms is given
We can also generate a sequence if we are given the first term as well as a general relationship between one term and the next term (ie a formula linking the (n+1)th term and the nth term). For example, suppose we are told that the first term of a sequence is 4, and that Un+1 = 2Un + 3. We can use this information to find the second term from the first term, the third term from the second term, and so on. This is shown below. 

U1= 4 (given)
U2 = 2U1 + 3 = 2(4) + 3 = 11     (ie substitute U1 = 4 in the formula for U2) 
U3 = 2U2 + 3 = 2(11) + 3 = 25   (ie substitute U2 = 11 in the formula for U3) 
U4 = 2U3 + 3 = 2(25) + 3 = 53   (ie substitute U3 = 25 in the formula for U4) 

Generating a sequence given the relationship between the (n+1)th term and the nth term
Write down the first four terms of the sequence defined by
U1 = -2, Un+1 = 3Un + 1.

Worked solution 1
U1 = -2 (given) 
U2 = 3U1 + 1 = 3(-2) + 1 = -5    (ie substitute U1 = -2 in the formula for U2)
U3 = 3U2 + 1 = 3(-5) + 1 = -14  (ie substitute U2 = -5 in the formula for U3)
U4 = 3U3 + 1 = 3(-14) +1 = -41 (ie substitute U3 = -14 in the formula for U4)
Generating a sequence given the relationship between the (n+1)th term and the nth term
Write down the first five terms of the sequence defined by
[image: image7.png]



Worked solution 2
[image: image8.png](given)

(ie substitute u =1 in the formula for ug)

(ie substitute u, = 0 in the formula for us)

(ie substitute u; =1 in the formula for ug)

(ie substitute us = 0 in the formula for ug)




	Finding which term has a given value
	[image: image9.png]





	
	  


	It is sometimes useful to find which term in a particular sequence has a given value.
For example, suppose a sequence is defined by the formula Un = 3 - 2n. Which term in the sequence has the value -211?

In other words, we need to find the value of n for which 

3 - 2n = -211.

So we need to solve this equation:

3 - 2n = -211 
    -2n = -214 Minus 3 from both sides.
       n = -214/-2 Divide both sides by -2.
          = 107
So -211 is the 107th term of the sequence (or we can say, U107 = -211).


	

	


	Finding a formula for a sequence
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	Sometimes we are given a sequence of numbers and are asked to find the formula for the sequence. To do this we need to find the relationship which links the value of n and the value of the nth term, Un. 
Note
Finding a formula for a sequence is the same thing as finding a formula for the nth term, Un. 

Suppose we are given the sequence:
2, 6, 10, 14, 18, …
and we are asked to find a formula for this sequence.
Firstly, we need to look for a pattern in the sequence. 
To do this, it is often helpful to put the numbers in a table. 

n
1
2
3
4
5
nth term
2
6
10
14
18
The question is: what is the relationship between the value of n and the value of Un? 
Sometimes it is easy to see the relationship. Sometimes it is not. If necessary, you can try various strategies which will hopefully reveal the pattern.

Strategy 1: Find the difference between successive terms.

Often it is helpful to find the difference between successive terms. 

n
1
2
3
4
5
nth term
2
6
10
14
18
Difference
4
4
4
4
Note
The difference between successive terms is a constant (it is 4 each time).
So the difference between the first term and any other term is four times something.



	

	


	Other common types of sequences
	[image: image11.png]





	
	  


	Some other common sequences with which we should be familiar are sequences involving terms of form [image: image12.png]2n



, and sequences with terms of form [image: image13.png]10"



. We may also come across sequences with simple fractions. For sequences with fractions, we generally need to find one formula for the numerator and another formula for the denominator. See Worked examples for a sequence with fractions. 
On a piece of paper, write down the first few terms of the sequence, [image: image14.png]Up =20



. 
You should have written:
[image: image15.png]21,22, 28,2425,

or 2,4,8, 16,32,






	

	


	Other common types of sequences
	[image: image16.png]





	
	  


	Worked example 1-Terms of form [image: image17.png]10"




Write down the first four terms of the sequence defined by Un = [image: image18.png]10"



. 

Worked solution 1
[image: image19.png]up= 101 =10, =102 = 100, u; = 10° = 1000, ug= 104 = 10,000




So the sequence is:
10, 100, 1,000, 10,000,… 
Worked example 2-Terms of form [image: image20.png]rl




Write down U3, U8, and U15, when [image: image21.png]




Worked solution 2
[image: image22.png]6=241=9
Up= 28 +1 = 257

Uis= 21 +1= 32,769




Worked example 3-Terms which are fractions
Given the sequence [image: image23.png]


, …, find a formula for the nth term, Un.

Worked solution 3
With fractions, it is a good idea to look at the denominator and the numerator separately. 
Numerator: -1, 1, 3, 5, 7,…
The formula for the nth term in the numerator is 2n - 3 (we can use differences between successive terms to find this formula).

The formula for the nth term in the denominator is n + 1 (we can use differences between successive terms to find this formula).
So the formula for the nth term is [image: image24.png]


.



	

	


	Summary
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	· A formula is a particular type of equation which describes a general relationship between two or more quantities.

· The subject of the formula is the term in the formula which appears on its own.

· A sequence of numbers is a set of numbers arranged in a particular order.

· If we want to refer to a general term in the sequence, we call this the nth term of the sequence.

· In a sequence with infinitely many terms, the subscript n can take the value of any positive integer, ie n = 1, 2, 3, 4, ….

· Finding a formula for a sequence is the same thing as finding a formula for the nth term, Un.

· Some common strategies for finding a formula for the nth term are:
find the difference between successive terms
find the second difference
compare the terms of an unknown sequence with the terms of a known sequence, such as [image: image26.png]Up

N u, =100



.



	

	


	Glossary
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	Formula
a formula is a particular type of equation which describes a general relationship between two or more quantities
Subject of the formula
the subject of the formula is the term in the formula which appears on its own
Sequence
a sequence of numbers is a set of numbers arranged in a particular order
Term
we call each number in a sequence a term of the sequence
nth term
if we want to refer to a general term in the sequence, we call this the nth term of the sequence 
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